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Abstract. For every profinitc group G, wc construct two covariant functors 
A(3 and AVg from the category of commutative rings with identity to itself, 
and show that indeed they are equivalent to the functor Wq introduced in 
[A. Dress and C. Siebeneicher, The Burnside ring of profinite groups and the 
Witt vectors construction, Adv. Math. 70 (1988), 87-132], We call Ac the 
generalized Burnside-Grothendieck ring functor and AVc the aperiodic ring 
functor (associated with G). In case G is abelian, we also construct another 
functor Ap(j from the category of commutative rings with identity to itself as a 
generalization of the functor Ap introduced in [K. Varadarajan, K. Wohrhahn, 
Aperiodic rings, necklace rings, and Witt vectors. Adv. Math. 81 (1990), 1- 
29]. Finally it is shown that there exist g-analogues of these functors (i.e, 
Wg, A(3, AVg^ S'lid Apg) in case G = C the profinite completion of the 
multiplicative infinite cyclic group. 



Since E. Witt introduced it in ^SIj the universal ring of Witt vectors has at- 
tracted many mathematicians until now due to its interesting and peculiar ring 
structure. The universal ring of Witt vectors associated with a commutative 

ring A with 1 7^ can be characterized by the following properties: 

(Wl) As a set, it is A^. 

(W2) For any ring honiomorphism f : A ^ B, the map W{f) : a 1-^ (/(an))ri>i 
is a ring honiomorphism for a = (a„)„>i. 
(W3) The maps w„ : W{A) A defined by 



are ring homomorphisms. 

In |S] Metropolis and Rota gave a new interpretation of the ring of Witt vectors 
using the concept of so called 'string ', and using it they found an algebraic structure 
isomorphic to for integral domains A of characteristic zero. They called this 

algebraic structure necklace ring Nr(A) over A. The underlying set of Nr(A) is 
A^. Addition is defined componentwise and multiplication is defined by 
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for b = {bn)n>i, c ~ (c„)„>i G Nr(A). In particular, in P], the necklace ring Nr(Z) 
over Z was interpreted as the Burnside-Grothendieck ring 17(C) of isomorphism 
classes of almost finite cyclic sets. Here C denotes the multiplicative infinite cyclic 
group. 

On the other hand, in Dress and Siebeneicher showed that the classical con- 
struction of Witt vectors can be explained as a special case of the construction of a 
certain functor using group-theoretical language. In detail, they proved that there 
exists a covariant functor Wq from the category of commutative rings into itself 
associated with an arbitrary profinite group G, and that the classical construction 
of Witt vectors can be recovered by considering the ease G = C, the profinite 
completion of C. Furthermore they also proved that ii A — 1 the corresponding 
Witt-Burnside ring WqC^) is isomorphic to the Burnside-Grothendieck ring Cl{G) 
of isomorphism classes of almost finite G-spaces. In view of Dress and Siebene- 
icher's work it would be quite natural to question whether there exists a functor 
equivalent to Wq which coincides with r2(G) when A = Z. In the author 

gave an affirmative answer for a certain class of commutative rings (more correctly, 
the category of special X-rings), and in P M. Brun showed that if G is a finite group 
then the functor Wq is equivalent to the left adjoint of the algebraic functor from 
the category of G-Tambara functors to the category of commutative rings with an 
action of G. In this paper we remove such a restriction and construct two functors 
A(5 and AVg from the category of commutative rings with identity to itself in a 
purely algebraic manner. Actually these two functors will turn out to be equivalent 
to Wg- 

Surprisingly these functors have q-analogues in some cases. More precisely, in 
C. Lenart showed that there exist well-defined g-deformations of Wg{R), NrG(i?), 
and APg{R) when G ^ C for any integer q and for any commutative torsion- free 
ring R with identity. We observe that indeed his results work for every commutative 
ring R with identity. Based on this observation we construct g-analogues Wq{R), 
NrQ(i?), Ag,(i?), and AVq{R) when G G for every commutative ring R with 
identity, and also show that their construction is functorial. 

This paper is organized as follows. In Section 2, we introduce the basic defini- 
tions and notation needed throughout this paper. In Section 3 and 4 we construct 
the functors Ag, AVg and show that they are equivalent to Wg- One of many 
important properties of Wg{R), Ag{R), and AVGiR) is that they always come 
equipped with two families of additive homomorphisms. One is inductions and the 
other is restrictions. In fact inductions are additive, whereas restrictions are ring 
homomorphisms. In Section 5 it is shown that natural equivalences among Wg, 
A(5, and AVg are compatible with inductions and restrictions. Finally in Section 
6 we deal with g-analogues of these functors in case G = G. 

2. Preliminaries 

Throughout this paper the rings R we consider will be commutative associative 
rings with Ij^ ^ 0, and the subrings will have Iji. We begin with the basic definitions 
and notation on the covariant functor Wg introduced by Dress and Siebeneicher. 
For complete information we refer to [2]. Let G be an arbitrary profinite group. 
For any G-space X and any subgroup C/ of G define ifu{X) to be the cardinality 
of the set of [/-invariant elements of X and let G/U denote the G-space of 
left cosets of U in G. With this notation Dress and Siebeneicher showed that there 
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exists a unique covariant functor Wg from the category of commutative rings into 
itself satisfying the foUowing three conditions: 

(WgI) For any commutative ring A the ring Wg{A) coincides, as a set, with the 
set A^^^ of aU maps from the set 0{G) of open subgroups of G into the ring A 
which are constant on conjugacy classes. 

(Wg2) For every ring homomorphism h : A ^ B and every a S Wg{A) one has 
WG{h){a) = hoa. 

(Wg3) For any open subgroup U oi G the family of maps 

0^ : Wg{A) A 

defined by 

Vu{G/V)-aivY^--^^ 

provides a natural transformation from the functor Wq into the identity. Here 
U <V means that the open subgroup U of G is subconjugate to V, i.e., there exists 
some g € G with U < gVg"^, {V : U) means the index of U in gVg^^ and the 
symbol "X]'" (and "H'" : too) is meant to indicate that for each conjugacy class of 
subgroups V with U <V exactly one summand has to be taken. 

Much effort has been made to find a functor equivalent to Wg (for example, see 
m^EB^DEl), and in ^Jim, the author succeeded in getting such a functor 
Nrc when we view Wg as a functor from the category of special A-rings to the 
category of commutative rings. Let us recall its definition briefly. For arbitrary 
special A-rings R, the necklace ring "Nr g{R) of G over R is defined as follows: 

(Nrcl) Its underlying set is 

n' ^ 

U^G, open 

(NrG2) Addition is defined componentwise. 

(Nr^S) Multiplication is defined so that the J7-tli component of the product of 
two sequences x = (xvYv^g ^^'^ y = ivwYw^G gi^en by 

\ y W VgWCG 

\ ' Z(g,V,W) / 

where the sum is over 

Z{g, V, W)■.= VC^ gWg'' 

which arc conjugate to U in G, and ^P", n > 1 represents the n-th Adams operation. 

In proving that Wg^R) is isomorphic to ISStg^R) two families of maps play a 
crucial role. One is exponential maps (R) and the other is inductions lndjj{R), 
where U is any open subgroup of G. 

Caution. In ^J^J the notation has been used instead of (R). However, in 
this paper, the notation r]j will denote the map in 

In detail, the map [R) : R Nr[/(i?) is defined by 

r ^ {Mu{r,V))' . 
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Recall that for any profinite group G exponential maps are given by 
T''{R){r) = Y^mG{r,V) [G/V]. 

Here the coefBcicnts Mq (r, V) are determined in the following way. First we write 
r as a sum of one-dimensional elements, say, ri + r2 + ■ ■ ■ + Vm- Now, consider the 
set of continuous maps from G to the topological space r := {ri, r2, • ■ • , r^} with 
regard to the discrete topology with trivial G-action. It is well-known that this 
set becomes a G-space with regard to the compact-open topology via the following 
standard G-action 

Consider a disjoint union of G-orbits of this set, say, IJ G- ft., where h runs through a 

h 

system of representatives of this decomposition. After writing G/G^ = IJ WiGh, 

l<l<{G:Gh} 

where Gh represents the isotropy subgroup of /i, we let 

(G-.Gh) 

[h]:= n 

i=l 

Clearly this is well-defined since h is G/j-invariant. With this notation, M(3(r, V^) is 
given by where h is taken over the representatives such that Gh is isomorphic 

to G/V. Note that the Gh is isomorphic to G/V if and only if Gh is conjugate 
to V. Indeed G acts on h freely modulo Gh, that is, Wi ■ h — Wj ■ h ^ i = j. For 
example, if G = G, 

M(r,n) M^(r,G") = - n> 1 

d\n 

(see mj). The notation /x represents the classical Mobius inversion function. On 
the other hand, inductions Ind^(_R) : Nr[/(i?) —>■ NrG(i?) are defined by 

where yw is the sum of xy's such that V is conjugate to W in G. It is clear that 
Ind^(i?) is additive. 

Proposition 2.1. (Oh |1(JII11) ) For every open subgroup U of G and every special 
X-ring R, (R) is multiplicative. 

Using inductions Ind^(i?) and exponential maps (R) for all open subgroups 
of G simultaneously, the author constructed a map, called R-Teichmiiller map, as 
follows: 

: Wg{R) ^ NrG(i?) 

a ^ ^'lndg(i?) o T'^(R)(a{U)). 
u 
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Proposition 2.2. (Oh, Theorem 3.3 HB) For every special X-ring R, is a ring 



isomorphism. Moreover the following diagram 
Wg{R) ^ 



is commutative. Here 



NraiR) 




= n 

U ^G, open 



(2.1) 



m= n 

C/^G, open 



where the map ip^ : "Nr g(R) — > R is given by 



{xvYv 



U<V<G 



We close this section by providing examples associated with two interesting spe- 
cial A- rings. 

Example 2.3. (a) Letting R := C[ai, a2, ■ • • ], R has a special A-ring structure 
associated with the Adams operators ^""(0™) :— m,n > 1. Let G be the 

profinite completion C of the multiplicative infinite cyclic group C. Then, for 
a = (ai, , af , • • ■ ), we have 

(ai,0,0,-..)^^ ( ^EdinM'^)"^ 




Here the term 



(ai,aj,aj,---) 



(2.2) 



can be found as the cyclic index (a; ) , where C/ is the subgroup of the sym- 
metric group Si generated by (1, 2, • • • , I) and ai is the linear character defined by 
az(l,2,-- - ,0 = e^Wi (see 0). 

(b) Letting R = R has a special A-ring structure associated with the 

Adams operators 'I'"(z) := z", n > 0. Then, for a formal power series f{z) G R, we 
have 

n ^ 

d\n 

The coefficients mf(i,n) defined by M(/(z),n) =: '^°ZQ'mf{i,n)z'^ have many in- 
teresting properties (see |2|), and many of which can be easily proved under our 
A-ring notation (see [Section 3 
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3. Generalized Burnside-Grothendieck ring functor Ag 

In this section, given any profinite group G, we shall introduce a covariant functor 
Ag from the category of commutative rings to itself. Indeed, it will turn out to 
be equivalent with the functor Wq in [21 ■ To do this we introduce a functor NRg 
from the category of commutative rings to itself. Let xu and yu be indeterminates 
where U ranges over every open subgroup of G. We consider the following system 
of equations: for every open subgroup U of G it holds that 

ipu{G/V)sv^ ^u{G/V){xv + yv), 

U<VsiG U<VsiG 

and 

Y' ^u{G/V)pv^ Y' wiG/V)xv Vu{G/V)yv. 

U<V^G (7<V^G (7<y^G 

It is clear that sg ~ xg + ya and pc = xq ■ yQ. Solving sjj and pu inductively, one 
can show that for every open subgroup U of G, 

{Su = xu + yu 
Pu=E'J:^vyw, (^-^^ 
V,W g 

where g runs through a system of representations of the double cosets VgW C G 
such that Z{g, V, W) is conjugate to U in G. Indeed this observation enables us to 
state the following theorem. 

Theorem 3.1. Associated with every profinite group G there exists a unique functor 
NRg from the category of commutative rings with identity into itself satisfying the 
following conditions : 

(NRgI) As a set 

nrg{r) = n' ^- 

f/^G, open 

(NRg2) For every ring homomorphism h : A B and every x = {xuYukg ^ 
NRg(^) one has NRg(/i)(x) = {fixu)Yu<iG- 
(NRg3) For every ring R the map 

U ^G. open 

where the map (p^ : NRG(i?) R is given by 

{xvYv "-^ 2^ (puiG/V)xv, 

U<V^G 

is a ring homomorphism. 

Eq. H3.1|) says that addition of NRg (R) is defined componentwise and its mul- 
tiplication is given by as follows: for two sequences x = {xyYy and y = {ywYw 
U-th component of the product is given by 

(x • y)u := Y Pi^(^) ■ 

v,w 
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where (U) represents the number of VgW^s in a system of representations of 
the double cosets VgW C G such that Z{g, V, W) is conjugate to U in G. 

Remark. 

(a) Since Q (or a field of characteristic zero) as a subring, R has a binomial 
ring structure (see [^Hl; Corollary 2.2]). Indeed, 'N'[Iq{R) is the necklace ring 
NrG(i?) of G over i? associated with this A-ring structure. 

(b) If R contains Q as a subring then ip is an isomorphism, and if i? is a torsion- 
free ring which does not contain Q as a subring then it is just injective. However, 
(fiR is neither injective nor surjective in general. 

Let us investigate ifR (in the above theorem) in more detail. Since it is i?-linear, 
it can be expressed as a matrix form. Let P be a partially ordered set consisting 
of (representatives of conjugacy classes of) open subgroups of G with the partial 
order such that 

V <v . 

Consider (and fix) an enumeration {Vi : 1 < i, Vi G P} of P satisfying the condition 

For this enumeration we define the matrix Cp by 

Cp{V,W) -.^ipwiG/V). 

Using the fact that (pw{G/V) — unless V ^ W wc know that Cp is a upper- 
triangular matrix with the diagonal elements {NG{Vi) : Vi), the index of Vi in 
Ng{Vi). With this notation 



(^^(x) = Cp X, where yi = \ \ . (3.2) 



As a easy consequences of this expression we obtain that (pn is invcrtiblc if and only 
if for every U G P the index {Ng{V) : y) is a unit. When invertible, the inverse of 
cpu can be described as follows: First, let P{U) be a subset of P consisting of open 
subgroups V oi G such that V =4 U. Now we set 

where Cp{u) is the matrix obtained from (p by restricting the index to P(U). Then, 
for a e R^ 

^(^~i(a)G\ fac^ 

: =Mp(c/) 
y(p^^{a)u) \auj 




That is, 



<P ^(a)c/ = X! /^P(c/)(^'^) °'V ■ (3.3) 



If G is abelian and R is torsion-free, the inverse of (pa gets much simpler. For 
an open subgroup ?7 of G we let P{U) be a partially ordered set consisting of open 
subgroups of G containing U with the partial order ^ such that 

V -^W i^V . 
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Applying Mobius inversion formula for arbitrary posets yields that 



for a = (af/)f/^G ^ if a belongs to the image of Here ^p^f/j is given by 

/•ab 



the inverse of the matrix Cp'/rj) given by 



1, ifV 4 W, 
0, otherwise. 

Let R contain Q as a subring. Then Theorem 13 . II implies that for a, b e R ^^'^^ 



-i(ab)c/= E p^{U)r\^)wr\^)w'. (3.4) 



W,W' 

wnw' = u 



Especially the identity H3.4|l comes to us as an interesting and simple formula when 
applied to the group C . 

Proposition 3.2. Let R he a commutative ring containing Q as a subring. Then 
for a ~ (a„)„>i,b = (6„)„>i G R^ the following equation holds : 

M(ab,n)- J2 {i,i)MMM[h,j), 

where 



M{sL,n) := n{d)a„. 

n ^ — ' 



n 

d\n 

We now shall describe Ag{R) for a commutative ring R. 

Case 1 Suppose that R contains Q (or a field of characteristic zero) as a subring. 
We define Ag{R) by NRG(i?). Proposition 12 . 21 implies that the map 

: Wg{R) ^ Ag{R) 

E'lndg(i?)or^(i?)(a((7)), 

is a ring isomorphism. Here, for any profinite group G the map t'~^{R) : R — > Ag{R) 
is defined by 

r^(MG(r,C/))'y^C, 

where Mcir, U) is given by IsAoir, U) associated with the binomial ring structure 
of R (see ^J). More explicitly, by Eq. and Proposition 12.21 it can be written 

as 

For example, ii G — C, 

M{r,n) -.^M^ir^C") = -Yn{d)r'^, n>l. 

d\7l 

We can also obtain inductions and c^i^ as in the previous section. 
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Case 2 Suppose that R docs not contain Q (or a field of characteristic zero) as 
a subring, but it is torsion- free. We denote by RQ the rationahzation of R, i.e., 
RQ := R ®i Q. Under the natural embedding of R into i?Q we obtain a map 

Tu{RmR--R^ ^g{rq)- 

By Proposition 12.11 this map is multiplicative. Combining T[/(_RQ)|fl with the in- 
duction map 

Indg(i?Q) : Ac/(i?Q) ^ AgI^Q), 
we obtain a bijective map 

'^m\wG{R) ■ Wg{R) Iin(T^Q|H'G(fl)) 

defined by 

^'lndg(i?Q)or|(Q|«. 

U<G 

To be consistent with the notation in we shall adopt the following notation 

AG(i?) := |^'lndg(i?(Q)oT^(i?Q)|^(a(t/)) : a G Wg{R)^ C AG(i?Q). 
From that t^q is a ring isomorphism and 

^G{R)=T'i^{WG{R)) 

it follows the following result. 

Proposition 3.3. Suppose that R does not contain Q {or a field of characteristic 
zero) as a subring, but it is torsion-free. Then Aq{R) is a subring of Ag{RQ), and 
moreover it is isomorphic to WaiR)- 

Remark. Very often it is very important to know how AG(i?) looks explicitly. 
Fortunately this question can be easily answered in some cases. More precisely, from 
the argument in [Section 2, [ll]] it follows that if i? is a torsion-free commutative 
ring with unity such that = a mod pR if p is a prime then R has a unique special 
A-ring structure with = id for all n > 1. Hence, in this case, Proposition 12.21 
implies that 

AG(i?) =NrG(i?). (3.5) 

For example, Z or Z(r) enjoys this property, where Z(r) means the ring of integers 
localized at r, that is, {m/n G Q : {n,r) = 1}. 

Next let us discuss exponential maps and inductions. 

Lemma 3.4. Suppose that R does not contain Q {or a field of characteristic zero) 
as a subring, but it is torsion-free. Then 

(a) Im(T^(i?Q)|fl) C Ac/(i?). 

(b) Im(Indg(i?Q)|A,(fl,)) C Ag{R). 

Proof, (a) is trivial by definition of Au{R). 

(b) By [Section 3.2, [III], ior a = {aw)'w^u G WuiRQ), 

(rfQ)-ioIndg(i?Q)or|(Q(a) 

= {PvYv^G . 
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where pv is a polynomial with integral coefficients in those aw (W an open sub- 
group U to which W is sub-conjugate in G). In view of the definition of Ag{R), this 
implies that if a = (aiv)'iy^[/ e WuiR) then T^^iipv) 

v^g) should be in Ag{R)- 

Thus we complete the proof. □ 
By virtue of Lemma 13.41 we are able to get the following maps 

T^{R) : Au{R) (3.6) 

and 

Indg(i?) : Au{R) ^ AaiR) 
from the map t^{RQ)\r and Ind^(i?Q)|A„(fl)- 

Proposition 3.5. Suppose that R is torsion-free. In RQ, for an open subgroup V 
of a profinite group G, and r, s ^ R, we have 

MG{rs,V)^ Y,' Pw iV) MGir,W)MGis,W') . (3.7) 

W,W' 

If G is abelian, the formula (|3.7|) reduces to 

MG{rs,V)= {G -.W + W')MG{r,W)MG{s,W'). (3.8) 

wr\w'=v 

In particular, if G = C, for every positive integer n and r^ s G R, we have 

M{rs,n)^ Y ihj)M{r,t)M{s,j), (3.9) 

[i,j]=n 

where [i,j] is the least common multiple and {i,j) the greatest common divisor of i 
and j. 

Proof. From the multiplicativity of t'~^{R) formula (|3.7() follows. In case G is 
abelian, the number of all elements in a system of representations of the double 
cosets WgW C G where is given hy {G : W + W). Thus we have formula H3.8|l . 
Finally, if G = C, 

iZ n jZ = [i, j]Z, iZ + jZ = ( j, j)Z. 
This yields formula □ 
Setting TjI by 

^'lndg(E) o r^(E) : Wg{R) ^ Ag(-R), (3.10) 

U<G 

clearly it is a ring isomorphism. 

Finally, from ifRqlAdR) l^t us obtain the following map 

^r:Ag{R)^R^. 

Indeed this map is well-defined since Im((^flQ|AG(i?)) C R ^^'^^ , which follows from 
the fact 

Im<I>ij, = Im^RQlwciR) and = (p^Q o t^q. 
Consequently we arrive at the following commutative diagram 
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Wg{R) 




Note that $_rq, <^i?Q are ring-isomorphisms, whereas ipn are injections but 
not surj cations in generaL 

Case 3 Finally wc suppose that R is not torsion-frce. In this case we start by 
choosing a surjective ring homomorphism p : R' ^ R from a torsion free ring R' . 
For example, we may take R' = Z[i?] and p : — > R defined by 

rir • t-^ rirT, (3-11) 

where is the basis element of Z[i?] corresponding to r € i?. By the functoriality 
of Wq there exists a surjective ring homomorphism Wg{,P) ■ Wg{R') — > Wg{R) 
defined by 

(ac/)c/^G ^ (p(ac/))'c/s;G- 

Thus it holds 

ker Wg (p) = Wg (ker p) , 
which implies that the induced map 

fg : WG{R')/WGi'keTp) ^ AG(-R')/AG(ker p) 
from TjI, is an ring isomorphism. Set 

AGiR) AG(i?')/AG(kerp) 

and 

. -G 

■= tr'- 

By definition, AG(i?) and rg arc well-defined; i.e., they are independent of the 
choices of (R' , p) (up to isomorphism). 

Let us define exponential maps and inductions. For an open subgroup [/ of G it 
is clear that the induced map 

f^{R') : R'/kcrp Au{R') / Auikci p) 

from the map t^{R') is well-defined since r'^(i?')(ker p) C A[/(ker p). Setting {R) 
to be f^{R'), (R) can be regarded as a map from R to Au{R). In the same 
manner we can get inductions 

Iiidg(i?) : Au{R) ^ Ag(-R). 

By construction (R) is multiplicative, Ind^ is additive, and 

rf = ^'lndg(i?)or^(i?). 

U<G 

We can also define a map 

ipR : AG(i?')/AG(kerp) ^ i?'^/(kerp)£M 
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from (pfi> : Ag{R') — > i?'^^. Regarding ipn as a map from Ag{R) to i?^^^, 
clearly the diagram 



Wg{R) 7^ Ag{R) 




R2i£l 

(3.12) 

is commutative. Be careful that in this case and (pn is neither injective nor 
surjective in general. 

Until now we have described Ag{R) for a given commutative ring R. We shall 
now describe morphisms. Given a ring homomorphism f : A ^ B, wc can define a 
natural ring homomorphism 



Ag(/) : Ag{A) -> Ag{B) 



via rf , i.e., by 



E'lndg(A) o r^(A)(x,;) ^ E'lnd^(^) ° r^(S)(/(xc/)) (3.13) 

;7<G U<G 

for X = (.'J;!7)J7<G G W^g(^). Actually if A and B are torsion free, then 

Ag(/)(x) = (/(.Ta))'c,^G, (3-14) 
which can be verified as follows: First recall in that 

riia)^iY^Y^MuiaiU),V)\ , (3.15) 

\UKGV^U J 

where V ranges over open subgroups which are conjugate to W in G. Applying the 
definition H3.14|) . we have 

\UsiGVsiU J U!^GV(iU 

since / can be viewed as a ring homomorphism from AQ to BQ. This says that 
the definition H3.13|l coincides with the definition H3.14|l . If A or i? is not torsion 
free, choose surjective homomorphisms p : A' A and p' : B' ^ B for torsion free 
rings A' and B' respectively. With this situation we have 

Lemma 3.6. For x G Ag(A') 

AG(/)(x + AG(kerp)) = y + AG(kerp'), (3.16) 
where y G Ag(-B') is any element satisfying 

f{xv + kerp) ^ yv + kerp' 
for every open subgroup V of G. 
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Proof. Write 

x + AG(kcrp) ^ T%{z) + AG(kcrp) 
for some z = {zuYu ^ Wg{A'). 

o WciDiizu + kerp)[/<jG) 
= rf,((/(zc/ + kcrp))a^G) 
= rf,(z') + AG(kcrp'), 
where z' = {z'^y^ S Wg{B') is any element satisfying 

z' + AG(kerp) = (/(zy + kerp))y<jG- 

So we may take 

yv = Y^ Mu{z'u,V'), 

UsiGV'siU 

for every open subgroup V of G. Here y ranges over open subgroups which are 
conjugate to V in G. Thus we have 

fixv + kcrp) = / I ^' ^' Muizu, V) + kcrp 

\U^GV'^U 
UfiGV'fiU 

= yv + kcr p. 

By definition of Ag(/), the following lemma is straightforward. 
Lemma 3.7. Ag(/) = rf o Wcif) o t^'\ 

As a result, we get the commutativity of the following diagram 

Wg{A) Ag(A) 



□ 



WaiB) AG(i3) , 

which implies that 

Theorem 3.8. The functor Ag is equivalent to the functor Wq. 

Remark. In ^ Brun gave a new realization of Wg{R) for arbitrary commutative 
rings with identity and every finite group using the theory of G-Tambara functors. 
Briefly speaking it says that the functor Wg coincides with the left adjoint of 
the algebraic functor from the category of G-Tambara functors to the category 
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of commutative rings with an action of G. For this purpose he introduced the 
isomorphism Iq : Wg{R) LgR{G/G) given by 

U<G 

FoUowing the exactly same way as used in [^H], Section 4], we can show that 
essentiaUy the maps r]|, r^(i?), Ind^ in our notation coincide with the maps 

tg,LGi?.(^f),iGi?+(^^) 

respectively (in Brun's notation). 

4. Aperiodic ring functor AVg 

Let G be any profinite group. In this section we shall construct another covariant 
functor AVgi which also will turn out to b equivalent to Wg- Given a commutative 
ring R with identity, we call AVg{R) the aperiodic ring of G over R. As in the 
previous section wc shall define AVg{R) differently according to the three cases. 

Case 1 Suppose that R is an arbitrary commutative ring containing Q (or a 
field of characteristic zero) as a subring. In this case AVGiR) is defined as follows: 
[AVg^) As a set, it is 

n' ^ 

U^G^ open 

{AVg'2) Addition is defined componentwise. 

{AVg'^) Multiplication is defined so that for x ~ {xvYv ^^^^ V = iVwYw 
AVg{R), the U-th component of x • y is given by 



(x-y)[/:= c^{g)xvyw, (4.1) 



V,W^G VgWCG 
Z{g,V,W) 



where g runs through a system of representations of the double cosets UgV C G, 

{G : Z{g,U,V)) 



and Z[g, V, W) runs over G-conjugates to U, and the coefficient c^{g) is given by 



rig) 



(G : U){G : V) 



Remark. Let G be an abelian profinite group. Then the condition that R con- 
tains Q (or a field of characteristic zero) as a subring is redundant since in the 
multiplication (|4.1|1 

^ y {G:UnV){G:U + V) 

^ '^^'^^ {G:U){G:V) = ^''^^ 

Z(g,V,W) 

For example, let G ~ C. Then the multiplication of AVg{R) is given by 
(ab)„= Y a,bjiov&,h^ AVGiR) ■ 

[i,j\=n 

Therefore we can form a ring satisfying the above three conditions for every com- 
mutative ring. Let us denote by ApQ(i?) the ring obtained from R in this way. 
But in general this is impossible since coefficients appearing in (|4.1|l do not always 
have integral values. 
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Rather than verify that AVciR) is indeed a commutative ring directly, we shaU 
prove it indirectly. To do this, for every conjugacy class of open subgroups U of G, 
let us define a map ip§ : AVg{R) ^ ^ by 

for X = (xuYu ^ AVciR)- Now we set 

^, = l];^§:Aa{R)^R^ 

u 

by (pii{x.){U) — ipjj{x) for all x G Ag{R)- Note that if G is abelian, then 

Vr{^){U)^ J2 (4.3) 

since (G : V) = ipu{G/V). 

Proposition 4.1. (cf. Varadarajan and Wehrhahn ^21) For every commutative 
ring R containing Q (or a field of characteristic zero) as a subring, we have 

(a) ipR is an isomorphism of the additive group AVg{R) onto 

(b) For any x, y e AVg{R), 

(fi nixy) = (pBix)ipR{y) . 

Proof, (a) It is clear that ip^ is a homomorphism of additive groups. Let x = 
{xi/Yif ^ AVciR) satisfy (Pr{x) = 0, where is the zero element of B^i^. Then 
for every conjugacy class of open subgroups U of G, <i5^(x) = 0. If ?7 = G, then 
xg = 0. Now assume that xy = for aU V such that {G : V) < {G : U). Then, 
from 

E' 7^^^^uiG/V)xv=0 



we can get xu = 0. Thus x = g AVg{R), and which says that kci ipji = 0. 

Next we will show that ipR is surjective. For any a = {au)'jj € i?^^ we want 
to find an clement x = {xuYij ^ AVg{R) satisfying 

^ (G-V) '^u{G/V)xv =au 

for every conjugacy class of open subgroups [/ of G. If C/ = G, then xg = olg- Let 
us use mathematical induction on the index. Assume that we have found xy for 
all l/'s such that {G -.V) < {G -.U). Then, since 

1 1 

(G ■ U) '^u{G/U)xu ^au - (G ■ V) '^u{GlV)xv , 

xu is determined by the assumption. This completes the proof of (a). 
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(b) For any x = {xuYu > y iwYv ^ AVg{R), 



Let 6(7 G R^^^^ be the element given by Cfj = (i5!7.y)v'<G- Then 

\V.W VgWCG 
^Y Y <<}{9)xvyw Vu{<iZ(gy,W)) 



V.W VgWCG 

U<Z(g,V,W) 



y^W VgWCG ^ ' 

' U<Z{g,V,W) 

' tf<Z(g,V,W) 

Applying the fact that (p^ is a ring homomorphism it is immediate that 

^^(xy) = ^^(xV^(y). 



□ 



As easy but very important results of Proposition 14.11 we obtain the following 
two corollaries. 

Corollary 4.2. Suppose that R is an arbitrary commutative ring containing Q (or 
a field of characteristic zero) as a subring. Then AVciR) is o, commutative ring. 

Corollary 4.3. If G is abelian, then for every commutative ring R, 

is a ring isomorphism (see the remark containing the identity (|4.2|l '). 

Proof. Recall that if G is abelian, by the equation (|4.3(l and the remark containing 
the identity (|4.2(l . we can define Apq{R) and tpn for any commutative ring R. 
Moreover, in the proof of Proposition l4.1l if we use the identity (|4.3|) . then no non- 
integer coefficients appear. This means that Proposition 14 . II holds for Apq{R) for 
every commutative ring R. □ 

As cp"^ does, (y9^^ : r£^^ — > Apq{R) has a very simple form if G is abelian. In 
detail, 

V4U 
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for a = {au)u^G G R^^^ ■ Actually this observation provides us many interesting 
relations among ajj, 6\/'s when applied to the identity 

^-i(ab)y= ^"'(a)w^"'(b)vy' (4.4) 

W,W' 

wnw'^u 

for a, b £ B2i£l. For example, taking G = C, we can get an analogue of Proposi- 
tion EH 

Proposition 4.4. For every commutative ring R, we have the formula 

^(ab,n)= ^(a,i)^(b,j), 

[i,j]=n 

where a = (a„)„>i,b = (fe„)„>i G R^ and 

S{a., n) ^ n{d)a„. 

d\n 

To show that Aq{R) is isomorphic to AVg{R) let us introduce a map 

0g : AG(i?) ^^PG(i?) 

defined by 

{^uYu^G ^ {{G ■■ U)xuyui:G 

for aU X = (a-c/)'[/^G • 

Proposition 4.5. Suppose that R is an arbitrary commutative ring containing 
Q {or a field of characteristic zero) as a suhring. Then the map 6'^ is a ring 
isomorphism. Moreover the following diagram 

^g{R) ^ AVg{R) 




(4.5) 

is commutative. 

Proof. Since (pfi and (/J^ are ring-isomorphisms, for our purpose it suffices to show 

For any x = {xu)'u^g ^ ^g{R), we get 

^§o0%i^)^ Y' j^^^^u(.G/V)iG:V)xv 

U<VfiG 
= (^«(X). 

This completes the proof. □ 
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As Ag{R) does, AVciR) comes equipped with exponential maps and induction 
maps. First let us investigate exponential maps. An exponential ma.p T^{R) : R — > 
AVu{R) is defined by 

r H-> {Su{r,V))'y^jj , 

where Su{r, V) :~ {U : V)Mu{r, V) for all open subgroups V of U. 

Proposition 4.6. Suppose that R is an arbitrary commutative ring containing Q 
(or a field of characteristic zero) as a subring. Then T^(i?) is multiplicative. 

Proof. Observe that 

T^{R):=.e%oT^\R). (4.6) 
So, the desired result follows from the fact that 6*^ and (R) are multiplicative. □ 
For every conjugacy class of open subgroups [/ of G inductions 
Indg(i?) : AVu{R) ^ AVg{R) 

are defined by 

where yw is the sum of (G : C/)a;y's such that V is conjugate to W in G. 

Lemma 4.7. Suppose that R is an arbitrary commutative ring containing Q (or a 
field of characteristic zero) as a subring. Then 

0golndg(i?)=lndg(i?)o0^. (4.7) 

Proof. For any x = {xvYv<^u ^ ^uiR), 

0goIndg(i?)(x) = (yiv)V^G, 

where yw = Yl'vi^ ■ W)xv- On the other hand, 

Indg(i?) o 0^(x) = IndfjiR) ((([/ : F)xy)V^c/) 



(j2'iG : U)iU : V)xv] 
(^'iG:W)xy\ 

{ywYwi^G- 



This completes the proof. □ 
r]^ with 6*^ 



Composing r]^ with 0^ we get a ring liomomorphism from Wg{R) to APg{R) 



Note that its explicit form is as follows. 
Lemma 4.8. 



7f - ^'lndg(i?)oT^(i?). 

U<G 
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Proof. Note that 

ego ^'lndg(i?)or^(i?) 



^ ' Indg (i?) o 61^' o r ^ (i?) (by Lemma ETj) 

7s£G 

' Indg(i?) o T^(i?) (by gSJ). 



□ 



Case 2 Suppose that i? docs not contain Q (or a field of characteristic zero) as 
a subring, but it is torsion- free. In this case we define AVg{R) as foUows: 

Using inductions Ind^(i?Q) and exponential maps T'^{RQ) for all open sub- 
groups U oi G simultaneously, we define 



APg{R) 



o T'- 



a{U)) : a £ Wg{R) > C AVg 



From the fact that 7^^^ is a ring isomorphism and 

AVciR) = jiqiWciR)) 

it follows that 

Proposition 4.9. AVg{R) is a subring of AVg{R'^)- 
As we did in the case 1, let us define 

e%:AG{R)^AVG{R) 

by 



Ml 



U^G 



((G : U)au)[ 



Ui^G ■ 



That is, 9'^ — ^^§q|ag(-R) ■ view of the equations (|4.6|) and (|4.7|) . is clearly 



well-defined. That is, 



0gQ(AG(i?)) c AVciR). 



Proposition 4.10. If R does not contain Q (or a field of characteristic zero) as 
a subring, but it is torsion-free, the map 9^ is a ring isomorphism. Moreover the 



following diagram 



AG(i?) 




is commutative. 

Proof. In view of the definition of AVg{R) it is clear that 6*^ is a ring isomorphism. 
Moreover we already know that (pR comes from <^kq|ag(-R) ^^'^ 
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(by Proposition ^21). Hence 

and the commutativity is immediate. □ 

Denote ^BSi\AVG(R) ■ -^^g(^) ~* i? ^*-*^^ . Similarly define exponential 

maps and inductions by restriction: 

T^(i?) =0gor^(i?), 

Indg(i?) : AVu{R) AVg{R) ■ 

Lemma 4.11. Suppose that R does not contain Q (or a field of characteristic zero) 
as a suhring, hut it is torsion-free. Then Ind^f(i?)is well-defined, i.e., 

Im(Indg(i?Q)Up^(«)) c AVg{R)- 

Proof. Note that 

\nd^{RQ)oe%{^um 

= lnd'{j{m^){Aru{R)) (by Proposition Enil 
= 6*^52 o Indg(i?Q)(A,7(i?)) (by LemmaEZI) 

C e%{AG{R)) (by Lemma 
C AVg{R)- 

□ 

From the multiplicativity of (R) we have an analogue of Proposition 13. 51 

Proposition 4.12. Assume that R is torsion-free. In RQ, for r,s € R and every 
open subgroup V of G, we have 

SG{rs,V)=Y.' {9)SG{r,W) Sg{s,W') (4.8) 

W,W' WgW'CG 
Z{g,W,W') 

where the sum is over Z{g, W, W') 's which are conjugate to V. If G is abelian, then 
the identity (|4.8|l reduces to 

SG{rs,V)= SG{r,W)SGis,W'). (4.9) 

wnw' = v 

In particular, if G = C, then H4.9|l reduces to the following simple form 

S{rs,n)= J2 S{r,i)S{s,j) (4.10) 

[i,j]=n 

for all n e N. 

Proof. Formula (|4.8() follows from the multiplicativity of T^{R). If G is abelian, 
by applying (|4.2|l to (|4.8(l we get formula (|4.9() . Finally formula (|4.1Q() follows from 
the fact iZn jZ = [i,j]Z. □ 

Case 3 Finally we suppose that R is not torsion-free. For a surjective ring 
homomorphism p : R' —f R from a torsion free ring R' let us consider the following 
diagram 
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AaiR') AVg{R') 
AG{R) = AG{R')/AG{keTp) ApG{R')/AVG{^crp) . 

Let 

AVGiR) ArG{R')/ArG{\^crp), 

and 

Since Ag{R) is well defined, AVg{R) is well defined, too. Finally let us discuss how 
to obtain exponential maps and inductions, and the map 93 jj. One way to obtain 
exponential maps T^{R) is to consider the map 



Tg(i?') : R'/kcTp^AVG{R')/AVG{'^(ii-p), 
and the other is to let 

T^{R) ~0'^ oT^{R). (4.11 



Of course they coincide with each other. As for inductions Ind^(i?), the map 



Ind^(i?') induces the map 



Indy(i?') : AVuiR')/AVui'kcTp) ^ AVGiR')/ AVGCkcv p). 

So, let 

Indg(i?) :=liid^(i?')- 

As a final step, from the map tpR' : AVg{R') ^ R'^^^, let us derive a map 

: AVGiR}/ AVGikcrp) ^ i?'^/(kerp)M. 
Let (fij^ := TpJi^. Regarding ipi^ as a map from AVGiR) to R ^^'^\ the diagram 

AGiR) ?l AVGiR) 




(4.12) 

is commutative. Note that in this case, (^ij, ipn are neither injective nor surjective 
in general. 



Lemma 4.13. Let R be any commutative ring with identity. Then we have 



'=oIndg(i?) = Indgo6'g (4.13) 



^florf = ^'lndgoT^(i?). (4.14) 



U^G 
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Proof. First, let us prove the identity H4.13|l . If R is torsion-free, the identity (|4.7|l 
justifies the desired result. Now assume that R is not torsion-free. Then, for any 

6lgoIndg(i?)(x + Ac7(kerp)) 
= ^^g(Indg(i?')(x) + AG(kerp)) 
= 9% o Indg(i?')(x) + AVcikcip) . 



On the other hand 



By ami 



Indg(i?) o6lg(x + Ac/(kerp)) 
= lndg(i?)(0g,(x) +^7't/(kcrp)) 
= Indg(i?') o 0g,(x) + ^PG(kerp)) , 



^« oIndg(i?')(x) = Indg(i?')o0K'(x) 



Thus we proved (|4.13|) . On the other hand, (|4.14|) follows from equations (|4.11|) 
and (ESJ. □ 

Given a ring homomorphism f : A B, we can define a ring homomorphism 
AVaif) ■■ AVg{A) ^ APg{B) 

via 6*^ orf , i.e., by 

U<G U<G 

for X = {xjj)'u<:q G W^g(^)- As we show in Section 3, if A and B are torsion free, 
it holds that 

AVgU){^) = if{xu)yu^G- (4-15) 
If A or _B is not torsion free, choose surjective homomorphisms p : A' ^ A and 
p' : B' ^ B for torsion free rings A' and B' respectively. With this situation we 
can show, as we did in Lemma [ 



Lemma 4.14. For x e AVg{A') 

ArG{.f){^ + AVGO^CTp))=y + AVGCkerp'), (4.16) 
where y £ APg{B') is any element satisfying 

f{xv + kcr p) = yv + ker p' 
for every open subgroup V of G. 

By definition of /S.G{f), the following lemma is straightforward. 



Lemma 4.15. APGif) ^ 0% o AG{f) o 9^ 



-1 

A 



In other words we have the commutativity of the following diagram 
Ag{A) Ag{B) 



(4.17) 



APg{A) AVg{B) . 
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Let jj( := 6*^ ° Tj^. Combining diagrams H3.17|l and (|4.17|l with the diagram 




AVaiR) 

(4.18) 

we can provide our main result. 

Theorem 4.16. The functor AVg equivalent to the functor A^j. Hence, it is 
equivalent to the functor Wq- 

5. Inductions and restrictions 

The functors Wq, Ag and APg come equipped with two important famihes of 
additive homomorphisms: inductions and restrictions. We already have defined 
inductions on Aq and AVg in Section 3 and 4. On the other hand, given a 
commutative ring R with identity and an open subgroup U of G Wg has an additive 
homomorphism vu : WuiR) ~^ Wg{R) (see EUTUlin])- 

Proposition 5.1. For every commutative ring R with identity, the maps tj^, 
and "fn preserve induction maps. That is, for every open subgroup U of G we have 

(a) lnd^{R)oT^ = T'^ovu. 

(b) Indg(i?) oB^ = B%o Indg(i?). 
(b) Indg(i?)o7g==7G„„^_ 

Proof. We may assume that R contains Q as a subring since /S.G{R)^ Ind^(i?), 
and Indg(i?) are constructed from i?Q if R is torsion free and from a torsion free 
ring R' if R is not torsion free. So, assume that i? D Q. In this case (a) was proven 
in [Section 2.3, and (b) was proven in Lemma FtI On the other hand, (c) can 
be obtained by combining (a) with (b) (by definition of 7^). □ 

For restrictions similar results hold. Associated with Wg it is known that there 
exists a ring homomorphism fjj : Wg{R) —>■ Wu{R) for every ring R and every open 
subgroup UofG (see [2 1113 El)- Now wc define restrictions Res^(i?) : AG(i?) ^ 
A[/(i?) as follows: 

Casel Suppose that R contains Q (or a field of characteristic zero) as a subring. 
Define 

Resg(i?) : AGiR) ^ AuiR) 

by 

where g ranges over a set of representatives of J7-orbits of G/V satisfying Z{g, U, V) 
is conjugate to W in U. 

Case2 Suppose that R does not contain Q (or a field of characteristic zero) as 
a subring, but it is torsion free. From the map Res^(i?Q)|AG(fl) let us obtain the 
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map 

Resg(i?) : AaiR) ^ AuiR). 
Actually the following lemma implies that this map is well-defined. 

Lemma 5.2. Suppose that R does not contain Q {or a field of characteristic zero) 
as a subring, but it is torsion-free. Then 

Im(Resg(i?Q)|Ac(fl)) C Ac/(ii'). 

Proof. In essence the proof is same as that of Lemma [3.41 fbV By [Section 3.2, 
mi], for a = [awYw^u ^ Wg{RQ) 

(T^Q)-ioResg(i?Q)oTfQ(a) 

= {(lv)'viiU : 

where qv is a polynomial with integral coefficients in those 1 < i < k (where, 
{Wi : I < i < fc} is a system of subgroups of G containing a conjugate of U). In 
view of the definition of Ajj^R), this implies that if a = {<iw)\v^ij G WoiR) then 
'''Rqii'lvYv^u) should be in Aij{R). Thus we complete the proof. □ 

Case3 Suppose that R is not torsion free. For a surjective ring homomorphism 
p : R' ~i R from a torsion free ring R', the map Resg(i?') : AaiR') ^ Au{R') 
induces 



Res^(i?') : AG(i?')/AG(kcrp) ^ Au{R')/Au{keip). 



Let 



Res^(i?) := Rcs^(i?'). 



Associated with the functor APg we define restrictions Res[^(i?) : AVciR) ^ 
AVuiR) as follows: 

Casel Suppose that R contains Q (or a field of characteristic zero) as a subring. 
Define 



Resg(i?) : AVg{R) -> AVu{R) 



by 



where g ranges over a set of representatives of J7-orbits of G/V satisfying Z{g^ U, V) 
is conjugate to W in U. 

Lemma 5.3. Suppose that R is an arbitrary commutative ring containing Q (or a 
field of characteristic zero) as a subring. Then 

e^oRcs^{R) ^Res^{R)oe%. (5.1) 

Proof. For any x = {xvYv^g ^ ^g{R): 



. Resg(i?)(x) = ({U : W)^^' ^ xy\ 

\ V g / ^r^jj 
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where g ranges over a set of representatives of J7-orbits of G/V such that Z{g, U, V) 
is J7-conjugate to W. On the other hand, 

Resg(i?) o = Resg(i?) (((G : V)xvYv^g) 

\ V g ^ / ^Jv^^V 



\ V 9 J u, 



This completes the proof. □ 

Case2 Suppose that R does not contain Q (or a field of characteristic zero) as 
a subring, or it is torsion free. From the map Res^(i?Q)|_470g(fl:) let us obtain the 
map 

Resg(i?) : AVg{R) ^ AVu{R)- 
The following lemma guarantees the well-definedness of this map. 

Lemma 5.4. Suppose that R does not contain Q {or a field of characteristic zero) 
as a subring, but it is torsion-free. Then 

Im(Resg(i?Q)Uo(i?)) C AVu{R)- 
Proof. By virtue of Lemma 15.31 we can apply the method of the proof of Lemma 

vrn\ □ 

CaseS Finally suppose that R is not torsion free. For a surjective ring homo- 
morphism p : R' ^ R from a torsion free ring R' , the map Res^(i?') : APg{R') 
APuiR') induces 



Res^(i?') : AVG{R')/AVG{iicrp) AVu{R')/AVuOiei p). 

Let 



Res^(i?) Res^(i?')- 



Proposition 5.5. 



(a) Rcsg(i?)orf = r^o/t,. 

(b) Resg(i?) o9^ = e^o Resg(i?). 
(b) Resg(i?)o7G^^c/„j^ 



u- 

Proof. The proof is similar with Proposition 15.11 By definition of APg, Res^, 
and Res^ we may assume that R contains Q as a subring. In this case, (a) was 
proven in [Section 2.3, ^^'^ (t>) was proven Lemma [5.31 On the other hand, 
(c) follows from (a) and (b) (by definition of 7^). □ 

Finally we close this section by remarking inductions and restrictions on R^'^'^^ 
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Note that if R is torsion-free, then (f is one-to-one. Therefore in this case we can 
define vu and J-u via (p on the image of ip, i.e., 

i/U :~ (f o Ind^ o ip~^ , 

Tjj := (fi o Res^ o . 

Note that this method is no more vahd unless R is torsion-free. Now let us consider 
the case R has torsion. 

Lemma 5.6. Let R be a commutative ring containing Q {or a field of characteristic 
zero) as a subring. For any b = {bvYv^G 

e let us write 

Then for every open subgroup V of G, ay can be written as 

for some cw G 

Proof. In order to prove this we shall use the mathematical induction on index 
{G : V). First note that oq = be- Now we assume that the desired assertion holds 
for all open subgroups W oi G such that (G : W) < {G : V). From 

ipviG/W)aw = bv 

V<WsiG 

we know that 

'^y = /T^x ~ w{G/W) aw 



VviG/V) 



v<w^a 



Note that ipw{G/W) divides ipviG/W) for every V <W since the group Aut(G/W^) 
is acting freely on the set of G-morphisms from G/V to G/W and the number of el- 
ements of this set equals (pv{G/W) (see Combining these facts with induction 
hypothesis yields our assertion. □ 

Proposition 5.7. Let R be a commutative ring containing Q {or a field of char- 
acteristic zero) as a subring. For any b = {bv)'v<ij G i?*^*-^' we let 

(f o Indg o <^~^(b) = (ty)V^G- 
Then for every open subgroup V of U , ty is a polynomial in 

{bw ■■ V <W {in G) and W ^ U} 
with integer coefficients. Unless V is not an open subgroup of U , then ty is zero. 
Proof. Writing 

^"^(b) = (av/')v'^£/> 

then 

Ind^ o (^"^(b) = (av)V<;G' 
where ay is the sum of ay's such that V' is conjugate to V in G. Therefore 

ty= ipy{G/W)aw (5.3) 

V<Wf^G 
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Now, we claim that (pw{U/W) divides Lpv{G/W). To show this we observe that 
ipw{G/W) is {Ng{W) : W), the index of W in the normahzer of W in G, and 
Nu(W) = Ng{W) n U. This imphcs that ipwiU/W) divides ipw{G/W). On the 
other hand, we aheady knows that ipw{G/W) divides (pv{G/W). Hence we can 
conclude that ipwiU/W) divides (pv{G/W). Now apply Lemma [5.61 to Eq. (|5.3() 
to get our assertion. In case where V is not an open subgroup of U, aw = for all 
V <W. Therefore ty is zero. □ 

Proposition 15.71 has an amusing consequence that we can define inductions lyjj 
for arbitrary commutative rings using polynomials iy's. For example, in case G is 
abelian they are given by 

where 

\G:U)hw liW i^U, 
otherwise. 
By definition of vjj it is straightforward that 

vu o (p ^ (p o Ind^ . 

Compared with inductions, restrictions can be defined well. For every commu- 
tative ring, define Tv : R°^^'> -> R'^^^^ by 

{bvYv^G ^ (cwYw^iU 

where 

by if W is conjugate to F in G , 
otherwise. 



cw 



cw 



Indeed if R contains Q as a subring, then we can verify that 



Hence we can conclude that 



(see [in]). 



Tu ~ (fi o Rcsj/ o Lf) 



Tu o If = ipo Res^ 



6. q-DEFORMATION OF THE FUNCTOR W AND ITS EQUIVALENT FUNCTORS 

Let i? be a commutative ring with unity. Surprisingly it will turn out to exist 
well-defined g-deformations of W{R), Nr(i?), and AV{R) (the subscript G = C 
will be omitted) for any g £ Z. In this section we introduce these g-dcformations, 
and show that their constructions will be functorial and the resulting functors are 
equivalent. 

For a torsion-free ring R, we let W^{R) be the group of Witt-vectors over R 
associated with the formal group law F and C{F, R) be the group of curves in F. 
It is well-known that W^{R) and C(F, R) are values of functors from formal group 
laws over R to groups, and that the Artin-Hasse exponential map 

: W^{R) ^C{F,R) 



28 



YOUNG- TAK OH 



gives a natural equivalence of functors (see [HIIZI)- On the other hand, C. Lenart 
found in [J] that it is possible to endow W^{R) with multiplicative structure for 
some formal group laws, more precisely for 



To avoid confusion we shall adapt and use all notations and definitions in [7] without 
changes (and without any explanations). Fix a formal group law Fq for some <? S Z, 
and define a map A : Gh(i?) Gh(i?) by A(x) = (na;,i)„>i for all x = (x„)„>i. 
With this notation, C. Lenart proved the following facts on the multiplicative struc- 
ture of W'^{R) (the superscript q will be used instead of Fq). 

Lemma 6.1. (Lenart [7]) 

(a) There is a ring structure on W'^{'L) such that the restriction o/Aoiy' is a ring 
homomorphism. The map H'^ provides an isomorphic ring structure on C{Fq,7j). 

(b) Let R be a torsion free commutative ring with identity. There are ring struc- 
tures on Nr'(i?), W'^{R), and C{Fq,R) such that the restrictions of \ o g'^ and 
\ o w'^ are ring homomorphism, and the restriction of H'^ is a ring isomorphism. 
The corresponding Frobenius and the Verschiehung operators are endomorphisms 
of these rings. 

(c) If R is a Q-algebra or R=^'L or R = there are restrictions of the maps 
T'^ and to the rings Nr'^(i?), W'^{R), and C(Fq, R), and they are isomorphisms. 
Furthermore, the Verschiebung and Frobenius operators commutes with the maps 
T« and c«. 

(d) The statements in (b) also holds if q is viewed as an indeterminate, and R is 
an algebra over the ring of numerical polynomials in q {in particular, if it coincides 
with this ring). 

Actually Lemma Ifi. II implies a little more. Let A = U\a\, 02, ■ ■ ■ ; 61, 62, ■ ' 'li ^-^d 
let a = (a„)„>i and b = (6„)„>i. Define 



where s'' = (s^)n>i, P'' — {Pn)n>i, and = {''n)n>i- Note that on these equations 
Lemma [6. II fa) implies the following fact. 

Lemma 6.2. (cf. Lenart 0) Fix g G Z. Then s^, p'^ are polynomials in Od, hd 's for 

d I n with integral coefficients. Similarly, i!^ is a polynomial in Od 's for 1 < d < n 
with integral coefficients for every n > I. 

Proof. The desired result for p'^^ was due to M. Hopkins (see So we shall 

consider s^j and only. To begin with, we note that 



Fq{X,Y)~X + Y~qXY, qeZ. 



$^ : W^iA) Gh{A), 




Let us solve the following equations 



$^(s^) = <l>^(a)+<f>^(b), 
$VP'^) = *i(a)-$^(b), 
$^(.'^) = -<l>^(a). 



$yx) = -$A(gx). 
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Thus we have 



$^(a) + $^(b) = i$AM + i$A(gb) m Gh{A) 

q 

1 



= ^\\^-{qeL + qh)j in W{A). 

This computation implies that 

si = -Sn{qad,qbd ■ d\n). 

q 

Since Sn is a polynomial without constant term s^^ is a polynomial with integer 
constants. Similarly 

-$^(a) = 

= -<I>yi(— (jfa) (' — ' means the inverse of + in 
From this it follows that 

4 = ^i-n{-qan ■ I < d<n). 

Clearly it has integer coefficients since t„ has integer coefficients and no constant 
term. □ 
Lemma 16.21 has an amusing consequence that we can define as a functor from 
the category of commutative rings with identity to the category of commutative 
rings. 

Remark. In general W'^{R) does not have the identity unless R contains Q as a 
subring. Indeed, if exists, the identity can be determined inductively by letting 



d\n 



for all n. 



For q E Zi, let us define for any commutative ring R with identity as 

follows: 

(VFn) As a set, it is R^. 

For any ring homomorphism f : A ^ B, the map W'^{f) : a t— > 
(/(an))„>i is a ring homomorphism for a = (a„)„>i. 

(iy«3) The map : WiR) Gh{R) defined by 



ai->j^rf(?3 ^0^1 for a =(«„)„>! 
is a ring homomorphism. 



d\n 



n>l 
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On the other hand, since Artin-Hasse map H"^ is determined by universal poly- 
nomials with integer coefhcients 

i7'(x) = xit + X2t + {xz - qxiX2)t^ + {x^ - qxiX3)t* H , 

we can endow C{Fq, R) with the ring structure via i/'. Consequently for every com- 
mutative ring R with identity we get a ring isomorphism H'^ : W'^{R) — > C{Fg, R). 
Frobcnius and Verschicbung operators can be also defined W'^{R) and C{Fg,R), 
which are preserved by H'^ since they are also given by universal polynomials with 
integer coefficients in torsion free cases. 

As we did in Section 3 and 4, we can construct functors A'' and AV^ which 
are equivalent to (so to C{Fq, •)). Indeed the process of their construction is 
exactly same as that of Ag and AVg- First we define A'^(i?) as follows: 

Casel If R contains Q as a subring, then we let 

A9(i?) =Nr«(i?). 

The ring Nr^(i?) is defined by the following conditions (for the completeness, refer 
tolZI): 

(Nr'^l) As a set, it is R^. 

(Nr'^2) Addition is defined componentwise. 

(Nr'^S) Multiplication is defined so that for x = (a;ri)'i>i ^^.^ y = {yn)n>i h^ 
Nr''(_R), the n-th component of x • y is given by 

where Pn^ij{q), j] | n are numerical polynomials in Q^q] given by 

and the notation T^(i, n) denotes the quantity d)C'^{d, n) (for the defini- 

tion of ^'^ and C^, see below). Introduce the q-cxponential map Af^ : R 'Nr'^{R) 
defined by 

X {M'^{x,n))„>i, 

where 

M«(x,n) =:^/x«(d,n)- 

d\n 

Here fi'^{d,n) is the {d,n)-th entry of the inverse of the matrix C defined on the 
lattice D(n) of divisors given by 



d-i 




if di\d2, 
otherwise. 



Note that unless q = I, is not multiplicative. Denote Frobenius and Ver- 
schicbung operators by and for r > 1 respectively. Note that Verschicbung 
operators are defined regardless of q, that is, = = whereas which is 
a ring homomorphism. is defined by 



r 

d\rn 
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From (2) it follows that the g-Teichmiiller map 
T" : W^iR) Nr'?(i?) 

OO 

X i-> ^ T/„M«(a;„), x = (x„)„>i 

n=l 

is a ring isomorphism. 

Finally we let (p\^ = A o More precisely : A''(i?) Gh(i?) is defined by 

X 1-^ ^dg^-i^d 
for X = (x^^)^^>i G A^(_R). It is well known (see [51[7]) that 

and moreover Lemma l6. II savs that is a ring homomorphism. 

Case2 If R docs not contain Q as a subring, but it is torsion free, then we let 

A«(i?) :=r«(W^9(i?)). 

By definition A^(i?Q) is isomorphic to W''{R) and C{Fq,R). It is easy to verify 
that there exist restrictions of the maps Vr : A«(i?Q) A«(i?(Q), : A«(i?Q) 
A«(i?(Q), Ml : RQ ^ Nr«(i?Q), and ^|jq : A'?(i?(Q) ^ Gh(i?Q) to the maps 
: A«(i?) ^ A9(i?), /« : A«(i?) ^ A9(i?), : R ^ Nr«(E), and : A«(i?) ^ 
Gh(i?). For example, for Frobenius operators observe that the equation ()6.1|l has 
only integer coefficients, i.e., 

' rn rn\ „ 



[r, d] ' d , 

for aU qeZ. This implies that /«(A«(i?)) C A9(i?). 

Proposition 6.3. // R is a torsion-free commutative ring with unity such that 
aP — a mod pR if p is a prime, then 

A«(i?) ==Nr«(i?). 

Proof. By j7| we know that 

M«(x,n) = ^(dr'(^,,i))A/(x,d), 

d\n 

and dr"^ {2^^) ^ ^^'^ numerical polynomials for all positive integers d, n with 
d\n. On the other hand, by hypothesis on R, it has a unique special A-ring structure 
with = id for all n > 1 (see [Section 2, [TT]])- It implies that M{x, d) € R for x S 
R. Therefore wc get M''{x,n) G R, and which means that A«(i?) C Nr''(i?). Now, 
to show A'?(i?) D Nr*(_R) choose an arbitrary element x = {xn)n>i G Nr''(i?). 
As in the classical case (i.e., q=l), we can find a„'s in R inductively such that 
T'^{{an)n>i) = X. This completes the proof. □ 

In case R is torsion-free is an injective ring homomorphism and its inverse is 
given by 

(^|,)-i(x)=.^/.^(d,n)^ (6.2) 

d\7i 

if X belongs to the image of Thus we can state a g-analogue of Proposition l3.2l 
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Proposition 6.4. Let R be a torsion-free ring. Then for a = (a„)„>i,b = 
(&n)n>i G Im'^li; following equation holds {in RQ): 

M«(ab,n)= {hi)Pn,^A1W''{^,l)M'i{h,j), 

[i,3]=n 

where 

M(a,n) 

111 particular, by considering the case a = (9"^^a;")„>i, b — (Q"^^?/")rt>i, we 
can recover Proposition 5.15 in 

A^iqxy) ^ qM''{x) ■ M^y). 

CaseS Finally if R is not torsion-free, for a surjective ring liomomorphisin p : 
R' ^ R from a torsion free ring i?', we define 

A«(i?) A«(i?')/A'^(kerp). 

Let us obtain r« : ^ A''(i?), Vr, f^ {r > I), M<i , and (^^ in the same way 

as we did in Section 3. 

Consequently we arrive at the following commutative diagram 




Gh(i?) 



Note that all maps appearing in this diagram preserve each Frobenius and Ver- 
schiebung operator since they do in case R = 1. As for morphisms of A^, they can 
be obtained in the same way as done in Section 3. 

Finally we are going to introduce q-aperiodic ring hmctor AV^ . To begin with, 
we define Ap*(i?) as follows. 

(Apn) As a set, it is R^. 

(Ap'2) Addition is defined componentwise. 

(Ap''3) Multiplication is defined so that for x — (x„)„ and y = (j/„)„ in Ap''(i?), 
the n-th component of x • y is given by 

En 
T-—Pn,^J{q)x^yJ. 

Let us define a map : Ap*(i?) Gh{R) by 

V^l" / n>l 

for X = {xn)n>i e Ap«(i?). 



Proposition 6.5. For every commutative ring R wit identity, we have 
(a) is an isomorphism of the additive group Ap'^{R) onto Gh(i?). 
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(b) For any x, y e Ap'^{R), 

Proof, (a) This proof is identical to that of Proposition 14. II (a,). 

(b) Let X = (x„)„>i and x — (a;„)„>i. To prove our assertion we have to show 
that for every n > 1 it holds 

d\n \[i,j]\d J \e\n J \f\n 

Equivalently, we have only to show that for every n>l and i,j\n 

J2 T^^q'^-'Pd,^AQ) = 9^+7-2. (6.3) 

d|„ 

This follows from the fact that is a ring homomorphism. In fact, by computing 
the coefficient of XiUj in <^^(x • y) and (^^(x)(^^(y), we obtain 

d\n J 

and which is clearly equivalent to 1)6.3(1 . □ 
Note that the inverse of ip'j^ is given by 

i^%)-\x)=Y.^''(d,n)^x,. (6.4) 

d\n 

Thus we have a g-analogue of Proposition 14.41 

Proposition 6.6. Let R be a commutative ring. Then for a = (a„)„>i,b — 
(bn)n>i G the following equation holds : 

[i,j]=n 

where 

S{a, n) := ^ /^''(d, n) - Od- 

d\n 

According to Proposition 16.51 Ap^fi?) is a commutative ring. As in Section 4, 
we define 

V,. : Ap«(i?) -> Ap«(i?) 

by 

TL 

{xn)n>i ^ {rxrL)n>i with X R. := if - ^ N, 

r 

and define 

f« : Ap«(i?) ^ Ap'?(i?) 

by 

^ rn rn\ n 



d\rn 
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Actually these operators are defined via the isomorphism 6^^ (see case 1 in the 
below). This means that is compatible with these operators. Now we are ready 
to construct the functor AV^. Let us define AV'^{R) in the following steps. 

Case 1 Suppose that R is an arbitrary commutative ring containing Q (or a 
field of characteristic zero) as a subring. In this case we let 

AV'iR) = Ap9(i?). 

From Proposition 16 . 51 it follows that the map 

e% : A«(i?) ^^P«(i?) 

given by 

X {nXn)n>l 

for all X = {xn)n>i is a ring isomorphism, and = c/j|jO0|j. We already mentioned 
that 6*1^ preserves the Frobenius and Verschiebung operators. Now, composing 0^ 
with we get the isomorphism 

oo 

^ V„ o S" : WiR) ^ AV\R). 

n=l 

Here the g-exponential map S"^ : R ^ AV^ {R) is given by 

X (S"'(x, n))„>i, 

where 

S'«(x,n) := nM\x,n). 
Case2 If R does not contain Q as a subring, but it is torsion free, then we lot 

AV^iR) 4Q(A'(i?)). 

Let us obtain 9% : A'?(i?) ^ AV^iR), V^, (r > 1), S"?, and tp'j^ in the same way 
via restrictions as we did in Section 4. 

CaseS Finally if R is not torsion-free, for a surjective ring homomorphism p : 
R' R from a torsion free ring i?', we define 

AViR) := AV''iR')/Ar''ikcTp). 

By construction Aq(R) is isomorphic to AP'^{R) for every commutative ring R 
with identity, and the process to obtain the Frobenius and Verschiebung operators 
and </7|j seems to be routine. So we shall skip it. Similarly it can be shown that the 
following diagram 

Aq(i?) ^ AV'iR) 

Gh(i?) 

(6.6) 

is commutative. The set of morphisms of AV are same with that of AV (see 
Section 4). 

Summing up our arguments until now, we obtain the following theorem: 
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Theorem 6.7. The functors W, C{Fq,-), A*?, and AV^ are equivalent for all 
g e Z. And each natural equivalence among them is compatible with the Frohenius 
and Verschiebung operators. 
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